Let X be a projective algebraic curve and denote by X ′ its strict dual curve. The map γ : X −→ X ′ is called (strict) Gauss map of X . In this manuscript, we study the separable degree of the Gauss map of curves defined over finite fields. In particular, we give a generalization of a known result on the separable degree of the Gauss map of plane Frobenius nonclassical curves. We also obtain a characterization of certain plane strange curves.
Introduction
For an algebraically closed field K, let X ⊂ P n (K) be a (geometrically irreducible algebraic) curve defined over K, where P n (K) denotes the n-dimensional projective space defined over K. If (P n (K)) ′ denotes the dual projective space, then the (strict) dual of X , denoted by X ′ , is defined as the closure in (P n (K)) ′ of the set of osculating hyperplanes at the nonsingular locus of X . The dual curve X ′ is a subcover of X , and the cover γ : X −→ X ′ is called the (strict) Gauss map of X .
If the characteristic of K is 0, then it is well known that γ is birational. Moreover, if γ ′ : X ′ −→ X ′′ is the Gauss map of the dual curve X ′ , then γ ′ • γ is the identity map, i.e., X = X ′′ , see [1] or [6, Remark 2]. When K has characteristic p > 0, the situation is the same as long as p > n and X is a classical curve, that is, the intersection multiplicity of X and the osculating hyperplane at a generic point is n. In contrast, when X is nonclassical, then γ is not necessarily separable and its separable degree can be positive. Indeed, in [6] several examples endorsing this facts are given. Furthermore, it follows as a particular case of a result of Kaji in [13] that, given a plane curve C and an arbitrary inseparable finite field extension L/K(C), there exists a plane curve X such that γ(X ) = C, K(X ) ∼ = L and the extension K(X )/K(C) coincides with L/K(C), where K(C) (resp. K(X )) denotes the function field of C (resp. X ) (see also [5] for a more general result).
p > 0 have been investigated by many authors in the last decades, sometimes either in a more general or a parallel context, see [5, 8, 9, 13] . For instance, given a curve X ⊂ P n (K) the Gauss map ι (m) :
X −→ G(P n (K), m) of order m (1 ≤ m ≤ n − 1), which associates nonsingular points of X with the respective m-osculating spaces, where G(P n (K), m) is the Grassmannian variety of m spaces in P n (K), is investigated by Homma and Kaji in [12] (note that ι (n−1) = γ). More precisely, if (ε 0 , . . . , ε n ) denotes the order-sequence of X , i.e., the sequence of all the possible intersection multiplicities of X with a hyperplane in P n (K) at a generic point, [12, Theorem 1] states that the inseparable degree of ι (m) is the highest power of p dividing ε m+1 . In particular, if ε n = kp r , where k is prime to p, then the inseparable degree of the Gauss map γ is p r .
In several situations, the computation of the separable degree of the Gauss map is desirable, specially when K is the algebraic closure of a finite field. For example, in the proof of the Natural Embedding
Theorem for maximal curves, in [14, Section 3] . Also in [10, Section 3.3 ] to obtain bounds on the size of complete arcs, among others. In this direction, the following Theorem is a consequence of a result by
Hefez and Voloch on Frobenius nonclassical curves [9, Proposition 3] . They actually were investigating
Gaussian duals of such curves, to say, the closure of the image of the nonsingular locus of X by the Gauss map in the Grassmannian of lines in P n (K). Hence, for n = 2, the strict dual and the Gaussian dual are the same. Theorem 1.1 (Hefez-Voloch). Let X be a plane curve defined over a finite field F q . If the image of infinitely many points of P ∈ X by the F q -Frobenius map belongs to the tangent line to X at P (that is, X is F q -Frobenius nonclassical), then the Gauss map of X is purely inseparable.
In [6] , Garcia and Voloch presented several relations between the osculating spaces of a curve X and the ones of its dual X ′ . As a consequence, they establish some criteria for when the equality X = X ′′ holds, and so when γ has separable degree equals to 1, provided that X ′ is non-degenerate. Furthermore, they give a different proof of Theorem 1.1, and show that the converse holds for some extension of F q , with the assumption that X is smooth and nonclassical [6, Theorem 4] .
Related to this subject, we have the so called strange curves. A curve X is called strange if all tangent lines to nonsingular points of X are concurrent. In this case, the point P in which all generic tangent to X meet is called nucleus of X . Note that if X is a plane curve, this is equivalent to the dual curve X ′ be a line. The properties of strange curves have been broadly investigated over the last years. For instance, in [2] many properties of such curves are established, such as general shape of their equation and their genera.
In this paper, we basically study some maps on X that induce maps on X ′ , namely the Frobenius map and linear automorphisms. As a byproduct, we will provide a generalization of Theorem 1.1 for certain Frobenius nonclassical curves defined over F q . It also will be shown that for a curve defined over F q , if
is a subfield of a Galois subcover of F q (X ) by a linear automorphism group, then X ′ is degenerate, and some consequences of this fact will be exploited. This results will be obtained in Sections 3 and 4, after we establish some preliminary results and notation in Section 2.
Background and notation
For a prime number p, let F q be the finite field of order q, where q = p h with h > 0. Let X ⊂ P n (F q ) be a (geometrically irreducible algebraic) curve defined over F q , where F q denotes the algebraic closure of F q . Given an algebraic extension H of F q , the function field of X over H will be denoted by H(X ). For a nonsingular point P ∈ X , there exists a sequence (j 0 (P ), . . . , j n (P )) of integers with 0 ≤ j 0 (P ) < · · · < j n (P ), called order sequence of P , which is defined by all the possible intersection multiplicities of X and some hyperplane of P n (F q ) at P . When there is no risk of confusion, j i denotes j i (P ), for i = 0, . . . , n.
It turns out that, except for finitely many points on X , this sequence is the same, [16, Section 1] . It is called order sequence of X , and denoted by (ε 0 , . . . , ε n ). If (ε 0 , . . . , ε n ) = (0, . . . , n), the curve X is said to be a classical curve. Otherwise, X is nonclassical. Given a nonsingular point P ∈ X , there exists an unique hyperplane H P (X ) ⊂ P n (F q ) such that the intersection multiplicity of H P (X ) and X at P is j n .
Such hyperplane is denoted by osculating hyperplane to X at P .
Let t ∈ F q (X ) be a separating element and k a non-negative integer. Given f ∈ F q (X ), the k-th
Hasse derivative of f with respect to t is denoted by D Proposition 2.1. Suppose that X is defined by the coordinate functions x 0 , . . . , x n ∈ F q (X ). Let P ∈ X be a nonsingular point and let t be a local parameter at P . The osculating hyperplane at P is spanned by the points (D (ji)
Since X is defined over F q , i.e., X is defined by coordinate functions x 0 , . . . , x n ∈ F q (X ), by [16, Proposition 2.1], there exist a sequence of non-negative integers (ν 0 , . . . , ν n−1 ), chosen minimally in the lexicographic order, such that
This sequence is called Let (P n (F q )) ′ be the dual projective space and consider the open set X • = {P ∈ X | P is nonsingular and j i (P ) = ε i , i = 0, . . . , n}.
In our context, by a generic point of X we mean a point P ∈ X • . The strict Gauss map γ :
′ is the map defined at a generic point P ∈ X by γ(P ) = (H P (X )) ′ , where L ′ denotes the dual of a hyperplane L. The closure of the image of γ is the strict dual of X , denoted by X ′ . For simplicity,
we will denote the map X −→ X ′ also by γ. Note that γ is a morphism defined in the nonsingular locus of X . Here, we will abuse and call γ a morphism of X . The separable (respectively inseparable) degree of γ will be denoted by deg s γ (respectively deg i γ). The following facts concerning the map γ (some of them pointed out in the introduction) hold:
• If X is classical and p > n, then deg i γ = deg s γ = 1, and X = X ′′ ( [6] ).
• If n = 2 and X is F q r -Frobenius nonclassical for some r > 0, then ε 2 is a power of p, deg s γ = 1
Propositions 1, 3 and 4]).
•
Indeed, by definition, deg s γ is the number of genereic points of X sharing the same osculating hyperplane. Thus, (2.2) follows from Bézout's Theorem.
For a given r > 0, the
inseparable of degree p r . We point out that although Φ q is purely inseparable, we have Φ q : X −→ X , as X is defined over F q .
Suppose that p > n and ε n = p r for some r > 0. If X is defined by the coordinate functions x 0 , . . . , x n , then [11, Theorem 7 .65] ensures that there exist z 0 , . . . , z n ∈ F q (X ) such that z i is a separating element for at least one i and
Furthermore, for a generic point P ∈ X , the osculating hyperplane to X at P is defined by
Therefore, in such case we conclude that
Let X ⊂ P n (F q ) a curve defined over F q . Let (ε 1 , . . . , ε n ) and (ν 0 , . . . , ν n−1 ) denote the order sequence and F q -Frobenius order sequence of X , respectively. Assume that ν n−1 = ε n . Then (ν 0 , . . . , ν n−1 ) = (ε 0 , . . . , ε n−1 ), and so X is F q -Frobenius nonclassical. Moreover, from Proposition 2.1 and (2.1), the hypothesis ν n−1 = ε n is equivalent to the following: Φ q (P ) ∈ H P (X ) for a generic point P ∈ X . Under such condition, we obtain a slight improvement of bound (2.2).
Proposition 3.1. Let X ⊂ P n (F q ) be a curve defined over F q with order sequence (ε 0 , . . . , ε n ). Let 1 ≤ ℓ < n and suppose that X is F q i -Frobenius nonclassical for i = 1, . . . , ℓ such that the last term of the F q i -Forbenius order sequence equals to ε n . Then
Proof. Given a generic point P ∈ X with osculating hyperplane H P (X ), we have that for a fixed i, the osculating hyperplane at Φ q i (P ) is Φ q i (H P (X )). Note that, since P is generic, its osculating hyperplane is not F q i -rational, and then Φ q i (H P (X )) = H P (X ). Hence, to each generic point sharing the same osculating hyperplane H P (X ), we have an extra point in H P (X )∩X for which H P (X ) is not the osculating hyperplane, namely Φ q i (P ). Since Φ q i is injective, all these points are distinct. Finally, if Q ∈ X is such
, then Φ q j−i (Q) = P , and so H P (X ) is fixed by Φ q j−i , a contradiction as P ∈ X is generic. Therefore (3.1) follows from the Bézout's Theorem.
However, note that the result in Theorem 1.1 does not depend on the degree of the curve. In fact, it only depends on the dimension of the ambient projective space. In what follows, ⌈m⌉ denotes the smallest integer bigger or equal to the rational number m.
Theorem 3.2. Let X ⊂ P n (F q ) be a curve defined over F q with order sequence (ε 0 , . . . , ε n ). Let 1 ≤ ℓ < n and suppose that X is F q i -Frobenius nonclassical for i = 1, . . . , ℓ such that the last term of the F q iForbenius order sequence equals to ε n . If
then for a generic P ∈ X , the set
Proof. Suppose that deg s γ > n ℓ − 1 . Let P ∈ X be a generic point and assume that S(P ) is not in a linear subspace of P n (F q ) of dimension n − 2. The hypothesis on the F q i -Frobenius order sequence gives that Φ q i (P ) ∈ H P (X ) for all i = 1, . . . , ℓ. Since deg s γ > n ℓ − 1 , there are at least ⌈n/ℓ⌉ points sharing the same osculating hyperplane H P (X ). Then, as S(P ) ⊂ H P (X ) and it is not in a linear subspace of dimension n − 2, we have for sure n points of S(P ) in general position in H P (X ), and H P (X ) is completely determined by these points. Hence Φ q (H P (X )) is completely determined by the set {Φ q (R) | R ∈ S(P )}. But if R ∈ S(P ), we have R = Φ q k (Q) for some Q ∈ γ −1 (γ(P )) and k = 0, . . . , ℓ−1, thus Φ q (R) = Φ q k+1 (Q) ∈ H P (X ). Therefore, Φ q (H P (X )) = H P (X ). Since P is generic, this implies that Φ q fixes infinitely many points in X ′ , that is, X ′ has infinitely many F q -rational points, which is a contradiction.
In particular, for ℓ = 1 we have the following.
Theorem 3.3. Let X ⊂ P n (F q ) be an F q -Frobenius nonclassical curve defined over F q such that ν n−1 = ε n . If deg s γ ≥ n then the generic pre-image of γ lies in a linear subspace of P n (F q ) of dimension n − 2.
Remark 3.4. If n = 2, then the hypothesis ν n−1 = ε n is equivalent to X being F q -Frobenius nonclassical.
Moreover, a linear subspace in P 2 (F q ) of dimension n − 2 is just a point. Hence, we conclude from x (y) = 0 for 1 < l < p r . For k > 1 prime to p, let f ∈ F q (x, y) such that f = w d for all w ∈ F q (x, y) and d > 1 divisor of k (for instance, we may chose f = 1/t, where t is a local parameter at some nonsingular point P ∈ F ). Suppose that z is a root of
x (z) = 0 (note that x is also separating in F q (x, y, z)). In particular,
for i > 1, we conclude that the order sequence of X is (0, 1, 2, p r ). Futhermore, we have ν 2 = ε 3 , since for j > 1 the equality
gives that the F q -Frobenius order sequence of X is (0, 1, p r ). Therefore, we conclude from Proposition 2.1 that the Gauss map of X is given by γ = (z 
x (z) = 0. Hence, by the discussion above,
where φ = (1 : x : y : z) is such that ε 3 = ν 2 = √ q, deg s γ = k and the generic points of X sharing the same osculating hyperplane are collinear.
One clearly has that the result of Theorem 3.3 does not hold without the assumption ν n−1 = ε n . For instance, as discussed previously in this paper, it is known that if a plane curve X is nonsingular and deg s γ > 1, then X is Frobenius classical. For sake of completeness, we will present the following example for curves in higher dimensional spaces. It is based on [6, Example 5].
Example 3.6. Consider a curve F defined by
, with p > 3 and
and so deg s γ = 3. Moreover, a generic pre-image of γ is not collinear. Indeed, let P 1 = (1 : a : a 2 :
where ξ is a primitive cubic root of 1. However, one can easily check that such points are not collinear.
We can also specialize Theorem 3.2 in the case ℓ = n − 1.
Theorem 3.7. Let X ⊂ P n (F q ) be a curve defined over F q with order sequence (ε 0 , . . . , ε n ). Suppose that X is F q i -Frobenius nonclassical for i = 1, . . . , n − 1 such that the last term of the F q i -Forbenius order sequence equals to ε n . Then deg s γ = 1, that is, the Gauss map γ is purely inseparable.
Proof. The case n = 2 is discussed in Remark 3.4. Assume that n > 2 and deg s γ > 1. Let P ∈ X be a generic point and let Q ∈ X such that P = Q and H P (X ) = H Q (X ). Denote by d the dimension of the linear subspace L ⊂ P n (F q ) defined by the set {P, Φ q (P ), . . . , Φ q n−2 (P ), Q, Φ q (Q), . . . , Φ q n−2 (Q)}. By Theorem 3.2, one has d ≤ n − 2. Suppose that d < n − 2. Then the set A = {P, Φ q (P ), . . . , Φ q n−2 (P )} determines a linear subspaceL of dimension k ≤ d < n − 2 and Φ q (R) ∈ A ⊂L for all R = φ q j (P ), j = 0, . . . , n − 3. Note that since A has n − 1 points, we have a redundancy of points to generateL. If L is defined by the set A\{Φ q n−2 (P )}, thenL is fixed by Φ q , which gives that there are infinitely many linear subspaces of degree k defined over F q , a contradiction. IfL is not defined by A\{Φ q n−2 (P )}, then the subspace determined by such set of points has dimension smaller than k, and by induction we arrive again at a contradiction.
Suppose then d = n − 2. In this case, we may assume that L is defined by the set A, because otherwise A would determine a linear subspace of dimension smaller then n − 2 and we would obtain a contradiction proceeding as above. If B = {Q, Φ q (Q), . . . , Φ q n−3 (Q)} is not contained in the linear subspace determined by C = {P, Φ q (P ), . . . , Φ q n−3 (P )}, then there exists j ∈ {0, . . . , n − 3} such that L is defined by C ∪ {Φ q j (Q)}. Therefore, L is fixed by Φ q , which is a contradiction. If B is contained in the the linear subspace determined by C, an inductive argument as used previously also gives rise to a contradiction. Hence deg s γ = 1, as claimed.
Example 3.8. Suppose p > 3 and consider the irreducible plane curve F defined by the affine equation
over F q . Then x is a separating element of F q (F ) = F q (x, y). Let z be a root of the polynomial
and denote by C the curve defined over F q such that F q (C) = F q (x, y, z). Note that x is separating in F q (C). Thus the following equations are satisfied:
Finally, let ψ = (1 : x : 1, 2, q) . By the equations above we conclude that the F q and F q 2 -Frobenius order sequences are the same, namely (0, 1, q). Therefore X satisfies the hypotheses of Theorem 3.7.
We end this section by pointing out that if we do not require that i = 1, . . . , n − 1 in Theorem 3.7, then the result does not necessarily holds. To this end, we present two examples of curves in P 3 (F q ) (based on the construction given in page 6) satisfying the hypothesis of Theorem 3.7 except that this time we do not have i = 1, 2, such that one has purely inseparable Gauss map and the other does not.
Example 3.9. Suppose p > 3. Let u, m be co-prime positive integers with m > 2 and m > u, and consider the Borges curve defined over F q by F : f (x, y) = 0, where
This curve was introduced in [3] , and it was proved that it is the only simultaneously F q m -and F q uFrobenius nonclassical curve for the morphism of lines ([3, Theorem 1.1]), and its order sequence is
Let X = ψ(F ), where ψ = (1 : x : y : xy). Since D
x (xy) = y + xD (1) x (y) = 0, we have that the order sequence of X is (0, 1, 2, q u ) and the F q r -Frobenius order sequence is (0, 1, q u ) for r = u, m. Thus γ is purely inseparable, as F q (X ) = F q (F ) (recall that in such situation we have
Now let P = (a : b : 1) ∈ F be a generic point such that x − a is a local parameter at P (is not so difficult to check that there exists such point). Let k > 1 be an integer such that p ∤ k(k + 1). Set
x−a , and let z be a root of T k − w. Define ϕ = (1 :
x (z) = 0. Hence the order sequence of Y is (0, 1, 2, q u ), and Y is F q r -Frobenius nonclassical, for r = u, m. However, one has deg s γ = k > 1.
Strict dual curves covered by a quotient curve
Let X ⊂ P n (F q ) be a curve defined over F q equipped with the Frobenius map Φ q . In Section 3 we took advantage of the fact that Φ q induces a Frobenius map on X ′ such that γ • Φ q = Φ q • γ, to bound deg s γ. In this section, we use a similar approach for linear automorphisms.
Let (ε 0 , . . . , ε n ) the order sequence of X and assume that ε n = p r , where n > p. Recall that in such case, γ = Φ p r • γ s , and the extension F q (X )/F q (γ s (X )) is separable. In this section, we will investigate what happens if there exists an intermediate field F q (γ s (X )) ⊆ F F q (X ) such that the extension F q (X )/F is Galois defined by a linear automorphism group G, specially when X is a plane curve. In what follows, Aut(X ) will denote the full automorphism group of X .
is a subcover of a quotient curve X /G, for some linear nontrivial subgroup G < Aut(X ), then X ′ is degenerate. In particular, if X is a plane curve, then X is strange.
Proof. Since G is linear, G induces a linear automorphism group in X ′ , as for a nontrivial σ ∈ G and a generic point P ∈ X , one has H σ(P ) (X ) = σ(H P (X )). Since X ′ differs from γ s (X ) by a Frobenius colineation, one has an induced linear action by G in γ s (X ). Let P ∈ X be a generic point. Then the orbit of P by G, namely G(P ), lies over the same point Q ∈ X /G. Note that since G is nontrivial, we have #G(P ) > 1. In its turn, Q lies over a pointP ∈ γ s (X ). ButP corresponds to the osculating hyperplane of all point in G(P ), and then Q is fixed by the action induced by G. This implies that the group G acting on γ s (X ) has infinite fixed points. Hence, G is trivial in Aut(γ s (X )). Therefore, γ s (X ) is contained in the linear subvariety fixed by G in the dual projective space.
Remark 4.2. Recall that every automorphism in a nonsingular curve is linear.
We now will exploit the above situation for plane curves. If p > 2 and X is a plane strange nonrational curve, then deg s γ > 1, and so X is nonclassical. Hence, there are z 0 , z 1 , z 2 ∈ F q (X ) not all zero and r > 0 such that
Here, deg i γ = p r and γ s = (z 0 : z 1 : z 2 ). Up to a projective transformation, we may assume that a generic tangent to X passes trough (1 : 0 : 0). In other words, we may assume z 0 = 0, and X is defined by a polynomial dividing
where (ii) G = E p ⋊ C where E p is an elementary abelian p-group and C is a cyclic group such that |C| divides
we have a |Ep|−1 = 1 and a = 1 if and only if σ has order p.
Proof. Since G is nontrivial, from Proposition 4.1, we know that X is an strange curve. Thus X is defined by an irreducible factor of (4.2). Since
conclude that σ(y) = y for all σ ∈ G. Moreover, since G preserves a generic tangent of X and all such tangents meet at (1 : 0 : 0), we obtain that G fixes (1 : 0 : 0). Therefore, we obtain (4.3)
Finally, considering a generic tangent line ℓ to X (not fixed pointwise by G), we have that the restriction of G to ℓ is an automorphism of ℓ fixing the point P = (1 : 0 : 0). Hence G is isomorphic to a subgroup of the stabilizer of a point on the projective line. Thus it follows from [17, Theorem 1] that G = E p ⋊ C where E p is an elementary abelian p-group and C is cyclic with order dividing |E p | − 1. The last statement is straightforward. Thus F q (w, y) ⊆ F q (X ) G . On the other hand, [F q (X ) : F q (w, y)] ≤ p s n = |G|, and so F q (w, y) = F q (X ) G .
Since z 2 /z 1 ∈ F q (X ) G , we obtain the claimed result.
Remark 4.7. Let X be a plane curve of degree d defined over F q . We say that X has controlled singularities if
where e P denotes the multiplicity of the Jacobian ideal of X at P . In [8, Corollaries 5.10 and 5.16], it is shown that if X is nonlcassical with order sequence (0, 1, p r ) and it has controlled singularities, then X has an equation of the form (4.1). However, one can check that strange curves does not have controlled singularities. Thus such criteria cannot be applied to our case.
Remark 4.8. Given a plane curve X , a point P ∈ P 2 (F q ) is called a Galois point of X if the projection π P : X −→ P 1 (F q ) from P induces a Galois extension of function fields F q (X )/F q (P 1 ), see for instance [4, 18] . One can check that if F q (γ s (X )) = F q (X ) G for a linear automorphism group G, then the nucleus of X (which exists, since in such case X is strange) is a Galois point of X .
